We discuss the monad associated with the topology of pointwise convergence. We also study examples of the Eilenberg-Moore algebras for this monad.
Introduction.
Let Top denote the category of topological spaces and continuous functions. Let R denote the real line with the usual topology, and for each topological space X, let C(X, R) be the set of continuous real-valued functions from X to R. Consider the contravariant hom-functor C p : Top → Top op defined by assigning to each space X the space of continuous real-valued functions with the topology of pointwise convergence. We denote this space by C p X. The space C p X has been extensively studied. A fundamental reference on C p X is Arkhangel'skiȋ [2] . We recall that The following propositions are important since they ensure that our morphisms are continuous. The proofs are straightforward and will be omitted.
We recall from [1] that a monad on a category A is a triplet M = (M,η,µ) consisting of a functor M : A → A and natural transformations η : id A → M and µ : Proof. We first check that η : id Top 
, and denotes evaluation, for example,
On the other hand, 
On the other hand,
We now look at examples of the M-algebras of the monad (M,η,µ).
Proposition 2.4. The real line R is an M-algebra.
Proof. We define h R : MR → R as 1 R , that is, the identity map with respect to R, and show that the M-algebra conditions are satisfied. It is obvious that the map
Then the map h Cp X is continuous, since it is the composite of continuous functions ϕ and η X . We now show that the conditions for an M-algebra are satisfied. Thus, we must show that
We must now show that 
Since h X is the composite of continuous functions, then it is continuous. Now,
We only need to show that γ
Hence retracts of C p X are M-algebras.
The algebra morphisms and the transfer of ring structure from MX to X for an M-algebra (X, h X ).
For an M-algebra (X, h X ) the ring structure on MX can be transferred to X, via h X , in such a way that X becomes a ring with respect to the induced operations.
In addition to the ring structure defined above we also define the scalar multiplication in the following way: define tx to be h X (tη X (x)), where t is a scalar.
According to Definition 3.1, C p X (being an M-algebra, Proposition 2.5) has now two concepts of the operations "+" and "·", the natural one defined pointwise
and Definition 3.1. The same applies to MX. We omit the straightforward proof of the following proposition.
Proposition 3.2. The natural operations on MX defined pointwise coincide with the corresponding ones defined above.
Lemma 3.3. The topology on X is initial with respect to η X , that is, X has the weak topology induced by η X into C p C p X = MX.
Proof. Basic neighborhoods of η X (x) have inverse images of η X of the form ∩
Proof. By Lemma 3.4, there are points x 1 ,...,x n ∈ X, and scalars
Consequently, all λ i 's except one are zero, the exceptional one being one 1. Let x = x l , where λ l = 1. Then
Proposition 3.6. Let ϕ : (C p X, h Cp X ) → (R,h R ) be an algebra map. Then ϕ is a continuous ring homomorphism.
by Lemma 3.4. Proof. By the above proposition, ϕ is a continuous ring homomorphism, that is, a continuous multiplicative linear functional. Thus, there is some x ∈ X such that ϕ(f ) = f (x) for all f in C p X, by the above proposition. Proof. Suppose ϕ = x, for some x ∈ X. Let γ ∈ MC p X. Take h X = C p η Cp X and 
Proof. Suppose that
is an algebra map, since the composition of two algebra maps is an algebra map. Thus the following diagram is commutative:
Since X has the initial topology induced by η X , f will be continuous if 
Conversely suppose the morphism ϕ :
is such that ϕ = Cf . Then by Proposition 3.9, ϕ is an algebra morphism. 
